Equivariant Dixmier-Douady Classes 

Mathieu Stienon 



Abstract 

An equivariant bundle gerbe a la Meinrenken over a G-manifold M is known to 
be a special type of S^-gerbe over the differentiable stack [M/G\. We prove that the 
natural morphism relating the Cartan and simplicial models of equivariant coho- 
mology in degree 3 maps the Dixmier-Douady class of an equivariant bundle gerbe 
a la Meinrenken to the Behrend-Xu-Dixmier-Douady class of the corresponding 
S^-gerbe. 
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1 Introduction 



Recently, following Brylinski's pioneering work [2], there has been increasing interest in 
studying the differential geometry of gerbes. In particular, Murray defined and inves- 
tigated bundle gerbes [13], which were further studied by Chatterjee [3] and Hitchin 
i- 

By definition, a bundle gerbe over a smooth manifold M is a central S'^-extension of 
the groupoid X X ^ X coming from a surjective submersion X M. A class in 
H^{M,Z) is associated to any bundle gerbe over M. It is called the Dixmier-Douady 
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(DD) class. The bundle gerbes over M are classified, up to Morita equivalence (or stable 
equivalence in [H]), by their DD classes. 

Moreover, like the Chern classes of S^-bundles, the DD classes can be expressed, up 
to torsion elements, in terms of the 3-curvature. The equivariant counterparts of bun- 
dle gerbes are called equivariant bundle gerbes [Tl]. They are G-equivariant central 
iS^ -extensions of a groupoid X Xm X =4 X associated to a G-equivariant surjective 
submersion X — * M . Meinrenken [T^] and Gawfdzki-Reis [7] studied extensively the 
equivariant bundle gerbes over simple Lie groups. In [12| . Meinrenken introduced the 
equivariant 3-curvature of an equivariant bundle gerbe. It is a closed equivariant 3-form 
in Cartan's model of equivariant cohomology. Its cohomology class corresponds to the 
equivariant DD class of the gerbe. 

Recently, Behrcnd-Xu studied S'^-gerbes over differentiable stacks. From their perspec- 
tive, a G-equivariant bundle gerbe is an S^-gerbe over the quotient stack [A//G], which 
is a Morita equivalence class of central S"^ -extensions of groupoids H H ^ N, where 
H ^ N is Morita equivalent to the groupoid M x G =t M. From connection type data 
on such a central S'^-cxtension, Bchrend-Xu construct a characteristic class in the de- 
gree 3 cohomology de Rham cohomology group H^^iiH,) of the corresponding simplicial 
manifold. 

The purpose of this paper is to establish an explicit connection between equivariant 
bundle gerbes a la Meinrenken and S'^-gerbes over [M/G] a la Behrend-Xu. For this pur- 
pose, we use an explicit map, obtained by Bursztyn-Crainic-Weinstein-Zhu [3j, between 
the Cartan and simplicial models of equivariant cohomology in degree 3. As a byproduct, 
we establish some further properties of the BCWZ-map and show that it is indeed an 
isomorphism at the cohomology level. We hope that this result will be of independent 
interest. 

Our main theorem states that the BCWZ isomorphism maps the Meinrenken equivariant 
DD class of a G-cquivariant bundle gerbe over a G-manifold M to the Behrend-Xu- 
Dixmier-Douady (BXDD) class of the corresponding 5'^-gerbe over the quotient stack 
[M/G]. 

The paper is organized as follows. 

Section [2Tl recalls the definition of equivariant bundle gerbes and equivariant central S^- 
extensions, while Section [^?^ recalls how the Dimier-Douady (DD) class of a G-equivariant 
bundle gerbe may be computed from connection type data. 

Section [3Tl gives a brief account of S'^-gerbes X over a differentiable stack X and their 
DD classes. The DD class of an S'^-gcrbe induces a degree 3 de Rham cohomology class 
called BXDD class which can be computed from connection type data. 

In Section 13.21 we explain how an equivariant bundle gerbe over a G-manifold M (in 
the sense of Murray and Meinrenken) produces an S'-'^-gerbe over the stack [M/G] (in 
the sense of Behrend-Xu). And we compute the BXDD class of the central S'^-extension 
of groupoids presenting the 5^-gerbc over [M/G] associated to a G-equivariant bundle 
gerbe over the manifold M. 

In Section HTTl we discuss the explicit formula due to BCWZ relating the Cartan and sim- 
plicial models of equivariant cohomology in degree 3 and detail some additional properties 
of this map. 

Sections 14.21 and 14.31 contain our main result. 

Acknowledgements The author is indebted to Jean-Louis Tu and Ping Xu for pro- 
viding access to their unpublished manuscript [16]. 

Preliminaries We start by recalling a few definitions and conventions used throughout 
this paper. 
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Let G be a compact connected Lie group. A G-nianifold is a smooth manifold M endowed 
with a right action of G, which is denoted M x G : (m, g) i-^ m-kg. If M is a G- manifold 
and £, G Q = Lie(G), then ^ denotes the infinitesimal vector field on M defined by the 



relation 



dt 



X -k e 



The Cartan model for cquivariant cohomology is the differential complex (nQ{M),dG) 
defined by 

2i+j=k 

and 

where ^ € g and the element a of il,Q{M) is seen as an r2*(Af)-valued polynomial on g. 

The multiplication of a Lie groupoid Fi =t Fq is denoted by F2 — > Fi : (x, y) x ■ y, 
where F2 := {(x, y) G Fi x Fi = s{y)}. 

By a G-groupoid, we mean a Lie groupoid Fi =^ Fq such that both Fi and Fg are G- 
manifolds and all the structure maps (s, t, m, l, e) are G-equivariant. Recall that any Lie 
groupoid Fi ^ Fq gives rise to a simplicial manifold 



where 



F,i = {(Xl, . . . , Xn)\t{Xt) = s{xi+i), I = 1, . . . , n - 1} 





{X2, ■ 


■ 7 -^n ) 






{xi, . 


■ ; ^ n — 1 ) 




^Tl) — 


{xi, . 


■ 7 '^i'^i'^l f • 


■ .Xn), I <i <n - I, 



is the set of composable n-tuplcs of elements of Fi and the face maps : F„ — > F„_i 
are given, for n > 1, by 

Eq (xi, X2, 

e"(a;i,X2, 

and, for 71 = 1, by £q{x) = t(x) and e\{x) = s[x). They satisfy the simplicial relations 
See [ini E] for more details. 

Given a Lie groupoid Fi =1 Fq, consider the double complex ri*(F,): 



01 (Fo) nH^i) ^'{^2) — 



0°(Fo 

Its coboundary maps are d : ^I'^iTp) — > 0*^+1 (Fp), the usual exterior differential of smooth 
forms and d : n'^{Tp) — > ri'°(Fp-|_i), the alternating sum of the puUbacks by the face maps: 



(1) 



We denote the total differential by D = {—lyd + d. The cohomology groups 

H^^ir.):=H\n'{r.),D) 
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of the total complex {n'^^ {T.),D) (where rjjH)j, (r.) = 0*Lo rj'=-'(r,)) are called the 
de Rham cohomology groups of the groupoid Ti ^ Fp. 

Now let Fi =^ Fq be a G-groupoid. We can consider the double complex rjg(F,): 



dG 

9 o2 



da 



172.(Fi) 

da 
da 

f7"c(Fi) 



do 



dG 



dG 

f^G(ro) 

dc 

Its coboundary operators are do '■ ^ai^p) ^ ^ct^(^p)^ the differential operator of the 
Cartan model and d : r2g.(Fp) — > ^^{rp+i), the natural extension of ([T]). We denote the 
total differential by Dq = {—lydc + d. The cohomology groups 

H'ai^.):=H\n'a(T.),DG) 

of the total complex are called the equivariant cohomology groups of the G-groupoid 
Fi ^ Fq. See [TU]. 



2 Equivariant bundle gerbes a la Meinrenken 

In this section, we recall the notion of equivariant bundle gerbes and their equivariant 
Dixmier-Douady classes in terms of the Cartan model. We closely follow Meinrenken's 
approach [T^ . 



2.1 Equivariant central 5'^-extensions 

Assume that X ^ M is a surjective submersion. Consider the Lie groupoid 

T^X, withF = XxM^, 
the source and target maps s{x,y) = x and t{x,y) = y, and the multiplication 

{x,y) ■ {y,z) = {x,z). 
Then we have the Morita morphism [1] 



(2) 




(3) 



where tt' : F ^ Af is the map {x,y) ^ tt{x) ~ 7r(y). Indeed F =t X is the puUback of 
the trivial groupoid M ^ AI to X through tt. 

Furthermore, if G is a Lie group, X and M are G-manifolds and X ^ M is a G- 
equivariant surjective submersion, it is clear that the Lie group G acts on F =t ^ 
by groupoid automorphisms, i.e. F ^ X is a G-groupoid, and that tt' in ([3]) is a G- 
equivariant Morita morphism. 
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Recall that a central S'^-extension of a Lie groupoid H =i. N consists of a morpliism 
of Lie groupoids 

(4) 



and a left S'^-action on H, making p : H ^ H a (left) principal S'^-bundle [IZlIl]- These 
two structures are compatible in the following sense: 

(Aii) • (A22;) = AiA2(i • y), 

for all Ai, A2 G and {x, y) e H2 := H Xt,N,s H. 



H 



N to denote the above central 5^- 



We will use the shorthand notation H 
extension. 

A central S^-extension H ^ H ^ N is said to be G-equivariant if both H ^ N and 
H ^ N are G-groupoids, the groupoid morphism p : H ^ H in ^ is G-equivariant 
and the G-action preserves the principal S'^-bundle H ^ H. That is, if the following 
relations: 

{x-y)*g^ {i * ff) • (y * ff) 
P{x*g) =p{x)-kg 
(Ai) = A(.T +5) 

are satisfied for all g G G, all composable pairs {x,y) in H2 and all A G S*^. 

Bundle gerbes were invented by Murray [13] (see also OH]). By definition, a bundle 
gerbe over a manifold M is a central ^^-extension of the Lie groupoid T ^ X (as in ^) 
obtained from a surjective submersion X — > M. There is a natural equivalence relation 
on central 5'^-extensions [HIlT], the so-called Morita equivalence (or stable equivalence in 
[14]), whose equivalence classes are classified by the cohomology group H^{M,1j). The 
class in H^{M,Z) attached to a central S^-extension is called its Dixmier-Douady 
class. Equivariant bundle gerbes are equivariant counterparts of bundle gerbes. Ac- 
cording to Meinrenken [12] , a G-equivariant bundle gerbe over a G-manifold M is a 
G-equivariant central S'^-extension of the groupoid T ^ X associated to a G-equivariant 
surjective submersion X M as in 



2.2 Equivariant Dixmier-Douady classes 

Below we recall Meinrenkcn's definition of the equivariant 3-curvature and equivariant 
Dixmier-Douady class of a G-equivariant bundle gerbe0 

Definition 2.1. Let T ^ T ^ X be a G-equivariant bundle gerbe, where X M is 
a G-equivariant surjective submersion and T = X x X is the resulting groupoid as in 
©. 

(a) An equivariant connection is a G-invariant 1-form 9 G 51"'^ (F)'^ such that 9 is a 
connection 1-form for the principal -bundle F F and satisfies 

de = 0. 

(b) Given an equivariant connection 9, an equivariant curving is a degree 2 element 
Bg e^ciX) such that 

curve (0) = dBc, (5) 

^What Meinrenken called an "equivariant connection" |12) consists of both an equivariant connection 
and an equivariant curving in our terminology. 
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where cwcyqIO) denotes the equivariant curvature of the -principal bundle T ^T, 
i.e. the element curve (0) G ^ci^) characterized by the relation 

dcO ^ p* cnrvaiO). (6) 

(c) Given an equivariant connection and an equivariant curving {9,Bq), the corre- 
sponding equivariant 3-curvature is the equivariant 3-form rjc £ rie(M) such 
that 

TT*riG ^ dcBc. (7) 

Here the coboundary operators associated to the groupoids T ^ X and V ^ X as in ^ 
are denoted d and d respectively. 

The following result seems to be standard (see [T^ITB]). However, we could not find a 
complete proof in the literature. For the sake of completeness, we will sketch a proof 
below. 

Proposition 2.2. Let T ^ T ^ X be a G-equivariant bundle gerbe over a G-manifold 
M. 

(a) Equivariant connections and curvings {9,Bg) always exist. 

(b) The class [rjc] G Hq{M) defined by the equivariant 3-curvature is independent of 
the choice of 9 and Eg ■ 

We need the following lemma. 

Lemma 2.3. (a) Given a surjective submersion n : X ^ M, the sequence 

^ n'^iM) ^ n'^ix) ^ n'^iv) ^n''{T2) (8) 

is exact. 

(b) Given two G-manifolds X and M and a G-equivariant surjective submersion tt : 
X — > M , the sequence 

^ ^t{Mf ^ n^{xf ^ ^t{vf ^ n^{T2f ^ • • • (9) 

is exact. 

(c) Given a G-equivariant surjective submersion tt : X — > M between two G-manifolds 
X and M , the sequence 

^ n^GiM) ^ nUx) ^ nUr) ^ nUr2) ^ • ■ • (lo) 

is exact. 

Proof, (a) This was proved in [13j . 

(b) Since the face maps of the simplicial manifold 

• • • — j- Ta =^ r — r X 



(and X ^ M) are all G-equivariant, i?* commutes with d (and tt*). Hence © is 
a subcomplex of ([8]). Now tt* in ([9]) is a restriction of tt* in ([8]), which is injective. 
Therefore, tt* in ^ is injective. Finally, take uj G VL''{Vp)'^ C VL'^{Vp) such that duo = 0. 
By (a), there exists v G ri''(rp_i) such that dv = uj. Since the group G is compact, 
we can choose a left-invariant Haar measure dg on G and define a G-invariant k-form v' 
which satisfies dv' = w by 

Rlydg^n\Vj,.if, 

G 
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where V = I dg is the volume of G. 

(c) For simphcity, we only consider the case k ^ 2. Since tt is G-cqui variant, it induces 

a pair of maps n^{M)^ ^ n^{Xf and {g* ® n^{M))^ ^ (g* (g) n^iX))^ and thus 

also D,q{AI) Qq{X). Because the face maps are G-equi variant, the alternate sum of 
their puUbacks induces the pair of maps 

whose direct sum is the desired map 

Since (fTU|) is the direct sum of ^ with k = 2 (which is exact) and 

it suffices to prove that the latter sequence is exact. Let / be an arbitrary element of 
{g*(8)n°{rp)f, i.e. 

/(AdgO {xi,X2,.-.,Xp) = f{£,) {xi-kg,x2*g, ...,Xp-kg), 

for all ^ G g, (? G G and {xi, . . . ,Xp) G Fp. And assume that df = 0. Choose a 
basis (ei,...,e„) of g. Fhen /(e^) G ri°(Fp) and d[f{ei)) = 0. By (a), there exists 

h{e,) G r2"(Fp_i) such that d{h{ei)) = /(e,). We can define h'{e,) G (g* «) 17"(Fp_i))'^ 

by 



/i'(e,) = i y i?;/i(Ad<,-i e,) dg. 



Clearly, /(e^) = d{h'{ei)) and thus 

/(^e,e) = 9(^;i'(e,)f), 

where Y.^ h'ie,)^ G (g* ® ^(^(Fp^i))^. □ 

Proof of Provosition \2.SX (a) Fake any connection 1-form 0' G f^^(F) for the S'-'^-principal 
bundle p : F F. Since G is compact, one can always take 0' to be G-invariant, i.e. 
6' G f7^(F)'-^. It is simple to see that dO' must be the pull back of a G-invariant 1-form 
on F2 under p : Fa ^ F2. Fhat is de' = p*a, where a G n\T2)^. It follows from 9^ = 
that da = 0. By Lemma [2.3f b). we have a = dA for some A G O^(F)'^. Therefore 
6 = 6' — p* A is an equivariant connection. 

Given an equivariant connection 9, ^ implies that 9curvG(6') = since 86 = 0. By 
Lemma I^ST c) . there exists Bq G ^^^{X) such that curve (6*) = dBc. That is, Bq is an 
equivariant curving. 

Assume that {6' , Bq,ijg) is another such triple. We have 9 — 6' = p*(3 for some /3 G 
f7i(F)'5. And dp = 0. By Lemma [OJb), we have l3 = for some 7 G n^{X)^. Now 

0=dG6 -dG6' -p*dGf3 
=p* ( curvG(6') — curve (6'') ~ dGd^) 

=p*{d{BG-B'G-dGl)). 

Therefore d{BG - B'g - dGl) = 0. Note that Bg - B'^ - dGl G Hence, by 

Lemma [273l c) . there exists A G VLq{M) such that Bg — Bq — dGj = Tr*\. Applying 
to both sides, we get dG{BG — Bq — dGj) = iT*dG^, which implies that t/g — tj'q = dG^. 
The conclusion follows. □ 

The class [tig] is called equivariant Dixmier-Douady class by Meinrenken [T2] . 



7 



2.3 Morita equivalences 



Recall that two central 5'^-extensions H ^ H ^ N and H' ^ H' ^ N' are said to be 
Morita equivalent [UIlT] if there exists a i7-i7'-bitorsor Z endowed with a (left) S^-action 
such that 

(Ar) ■ z ■ r' ~ r ■ (Xz) ■ r' — r ■ z ■ (Ar') 
whenever (A, r, z, r') g 5^ x H x Z x H' and the products make sense. 

Definition 2.4. Two G-equivariant bundle gerbes F ^ F =t X and V F' ^ X' are 

Morita equivalent if they are Morita equivalent as central S^- extensions, the equivalence 
bitorsor Z is a G-space and 

{r-z-r')*g^{r*g)-{z*g)-{r'*g), Vg e G (11) 

whenever (r, z,r') G T x Z x T' and the products make sense. 

A bitorsor satisfying (fTT|) is called a G-equivariant bitorsor. 

Proposition 2.5. If T ^ T ^ X and f' ^ F' =^ X' are Morita equivalent G- 
equivariant bundle gerbes with equivalence bitorsor Z, the -action on Z is free and 
Z/S^ is a G-equivariant H-H' -bitorsor. Hence T ^ X and F' ^ X' are Morita equiv- 
alent G-groupoids. In other words, the G-manifolds M and M' underlying the bundle 
gerbes p and p' are one and the same manifold. 



3 Behrend-Xu-Dixmier-Douady classes 
3.1 General theory 

In [1] (see also ^7\), Behrend-Xu developed a general theory of 5^-gerbes over differen- 
tiable stacks in terms of central S'^-extensions of Lie groupoids. Roughly speaking, an 
S'^-gerbe X over a diffterentiable stack X can be thought of as a Morita equivalence 
class of central 5^-cxtcnsions of Lie groupoids H ^ N, where iJ =| iV is a presentation 
of the differentiable stack X. (One needs to choose a suitable representative amongst 
all presentations of the differentiable stack X, for not every presentation of the stack X 
can be extended to a presentation of the stack X. See [1].) According to Giraud [8], the 
S'^-gerbes over a differentiable stack X are classified by the cohomology group iJ^(X, 5*^). 
Hence, there exists a natural map 

{central S'^-extensions of H ^ N} ^ H^{X, S^). 

Composing t with the boundary map II^{X,S^) II^{X,1) associated to the short 
exact sequence 

we get a map 

{central 5^-extensions oi H ^ N} — > H^{X, Z) = H^{H.,Z). 

The image of a central S'^-extcnsion under the above map is called its Dixmier-Douady 
class in [1]. 

Behrend-Xu also proved that, similarly to the Chern classes of bundles, the Dixmier- 
Douady classes of central S'^-extensions can be computed, up to torsion elements, from 
connection type data. Recall that a pseudo-connection on a central 5^-cxtension H 
H ^ N is a. sum 

6* + A e oi(ij) © n^{N) c nlj^iii.) 
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such that is a connection 1-forni on the principal 5^-bundlc 7? — > i7 [Tj. Its pseudo- 
curvature 

7] + uj + nen\H2)(Bn^iH)®n^{N) c nl^{H.) 

is defined by the relation 

D{0 + X)=p*{rj + uj + n). 

Theorem 3.1 ([T]). The pseudo-curvature if+cu + fl is a 3-cocycle in f2ppj(iJ,). Its coho- 
mology class [i]+LL) + fi\ is an integer class in (H,), which is independent of the choice 
of pseudo-connection. Under the canonical homomorphism H^{H,,Z) , the 

Dixmier-Douady class of H H ^ N maps to [q + lu + 

The de Rham class [q + oj + fl] G H^y{{H,) will be called Behrend-Xu-Dixmier- 
Douady class. 

3.2 An ^i-gerbe over [M/G] 

There is a natural correspondence between equivariant bundle gerbes over a G-manifold 
AI in the sense of Murray and Meinrenken and 5^-gerbes over the stack [M/G] in the 
sense of Behrend-Xu [H El E]- 

The quotient stack [M/G] can be presented by the transformation groupoid xi G ^ M, 
where t{x,g) = xg, s{x,g) = x and 

{x,g) ■ {y,h) = {x,gh), when y = x-kg. 

Adopting the Behrend-Xu perspective, we note that an S^-gerbe over the stack [M/G] 
can always be presented by a central S'^-extension _ff — > iJ =t A'^ of a Lie groupoid 
H ^ N Morita equivalent to A/ x G =| M. 

Now consider, as in Section[2l a G-equivariant bundle gcrbc T ^ T ^ X , where X —> M 
is a G-equivariant surjective submersion and T ^ X xm X. Since T ^ X (resp. F ^ X) 
is a G-groupoid, we can form the transformation groupoid F x G =^ X (resp. F x G ^ X). 

If F. = (Fi =4 Fq) is a G-groupoid, its transformation groupoid F^ = (Fi x G ^ Fq) is the 
groupoid whose source map is : (7, 5) ^ 5(7), whose target map is : (7, (?) t(,l)*g 
and whose multiplication is given by 

(71,51) • (72,52) = (71 • (72 *.9r^),5i52), 
for any 71,72 G Fi and (71,52 G G such that t(7i) ~ 5(72). 

Lemma 3.2. (a) The groupoids F x G =^ AT and M yi G ^ M are Morita equivalent. 

(b) SetpG{j,g) = {p{j),g)- Then T x G T x G ^ X is a central -extension of 
Lie groupoids. 

Proof, (a) Since F ^ X is Morita equivalent to the trivial groupoid M ^ M and the 
Morita morphism mapping F ^ AT to M =t A/ is G-equivariant, it follows that the 
morphism 

F X G M xG (12) 



defined by 

7? (2;, y, 9) = {Tr(y),g), V(a;, y) eT = X Xm X 
is a Morita morphism of Lie groupoids. 

(b) This follows immediately from the definition of G-cquivariant central S'^-cxtcnsion. 

□ 
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Hence, the extension F xi G F x: G =^ X induces an S'^-gcrbe over the quotient stack 
[M /G] in the sense of Bchrend-Xu. 

We now compute the Behrend-Xu-Dixmier-Douady class of the central S'^-extension F x 
G F x G ^ X. Note that we have the following commutative diagram 

PG 



F X G- 

pr 



F X G 



where pr and pr are mere projection maps rather than groupoid morphisms. 

By and , we denote the coboundary operators associated to the Lie groupoids 
F X G =t X and F x G =t X, respectively, as in ([1]). 

Lemma 3.3. Assume that 6 G ^^^(F) is a G-equivariant connection for the G-equivariant 
bundle gerbe F i F =| X . Then O := fyr*0 G r2^(F x G) is a connection 1-form for the 
principal -bundle pa : F x G ^ F x G, hence a pseudo-connection for the central 
-extension F X G ^ F X G =1 X. One has 

d''e^p*aC, 

where C, G f^^((F x G)2) is defined by 

{p*GO{{^S,Lg,OAwy,Lh.v))=^y-id, (13) 
for any £,,ri G q, g, h € G, G T^T and Wy G TyT such that t^ t:{vj;, Lg^^) — *(my, Lh*ri)- 

Proof. Let t gt and t ht he paths in G originating from g and h respectively 
and determining two vectors ^ and of g by the relations Lg*^ = ^fftjo and L;i,7y = 



Similarly, let 1 1—^ xt and t yt he smooth paths in F originating from x and y. 



respectively, with ^a^tlp = and -^^ 



Wy and such that, at any time t, the target 



of Xt * gt coincides with the source of yt ■ Then 

-HTMo)-(>ii(y^*s'%)-(^{iiy*9^%) 

= -e{iy^{ge'^)-\) 
The result follows. 



since 8 = pr* 6 
since 86 = 

since 9 is G-invariant 
since 9 is G-invariant. 



□ 



Proposition 3.4. Let 9 G i^^(F) be a G-equivariant connection on a G-equivariant 
bundle gerbe T ^ T ^ X over a G-manifold M. Then O pr*^ G r2^(F x G) is 



a pseudo- connection for the central -extension F x G 



PG 



F X G =^ X. Its pseudo- 



curvature is C — pr* cj G Z'^((F X G).), where C is given by (|13|1 and lo is characterized by 
dO = p*LO. Hence the Behrend-Xu-Dixmier-Douady class is [C, — pr* oj] G H^^h ((F x G),) . 



Proof. Since 



dQ — d pT*9 — pT*d9 ~ pT*p*uj ~ p*Q pr* w. 
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the associated pseudo-curvature is 



□ 



Remark 3.5. From Lemma [3.31 we see that d^Q vanishes if, and only if, 80 = and 
6 is basic with respect to the G-action. In this case, 8 is a connection for the central 
S^-extcnsion f ^ G ^ T yi G ^ X in the sense of Behrend-Xu See jl6f for details. 

4 Linking Murray-Meinrenken to Behrend-Xu 
4.1 The BCWZ morphism 

In order to compare Meinrenken's equivariant Dixmier-Douady class with the Behrend- 
Xu-Dixmier-Douady class, we need an explicit formula relating the Cartan and simplicial 
models of equivariant cohomology in degree 3. The following result can be found in ^ 
(though the group acts from the left in [3]). 

Proposition 4.1 (Proposition 6.10 in [3]). Let N be a manifold on which a Lie group 
G acts from the right. Consider the map 



mapping a £ n^{N) to itself (V'(a) = a) and ?7 G (fl* ® ri^(iV)) to the 2-form ip^rj) g 
02 (TV X G) defined by 



^iv) {{vi,Lg4i),{v2,Lg,^2)) =^7(6) ivi*g)~vi^i) (w2*5) + '7(6) (fiU^g), (14) 
for all vi,V2 G T^N, £,i,£,2 G and g e G. The map -0 injects Z^{N)'^ into Zj5|p{((iV xi 



Remark 4.2. One can check that the R.H.S. of does indeed change sign when the 
indices 1 and 2 are permuted. 

From (fT4|) . one easily deduce that, if cr : A'^i —> A''2 is a G-cquivariant map between two 
G- manifolds Ni and N2, then 



: nUN) - nl^{{N X G).) 




4' {z^{Nf) = zl^{{N X G).) n (n^M) ® n'^{N x g)). 





(15) 



The following lemma will be needed later on. 



Lemma 4.3. Given f e {g* ® n°{N)) , then 



^{df) = dX, 



(16) 



where A G 



{N X G) is defined by the relation 



X{V.,,Lg4)^ f{AdgOix) 



e r,iv, ^ G 0, 5 G G. 



Proof. Since / is G-equi variant, we have 



(17) 
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Take g ^ G, ^1,^2 G and fi,V2 £ T^N. Let t t-^ xi{t) and t 1— > X2(t) be two paths in 
N originating from the same point x such that vi = ^xi{t)\^ and V2 = ^^2(^)lo' I^'^'^™ 
HH), we get 

= Ttfi^2) (xiW^5)|o-i/(a) (^2(t)*g)|„ + ^/(6) (x*(ge*«^))|„ 

= ^/(Ad,6) ~ ^/(Ad,a) ix2{t))\, + ^/(Ad,e*-'^«i6) by (HZ]). 

But / is hnear in g. Hence the last term is equal to /(Adg[^i, ^2]) (a;). 

On the other hand, letting ^1 and ^2 be the left invariant vector fields on G corresponding 
to ^1 and ^2, respectively, and choosing two vector fields Xi and X2 on N such that 
Xi\x ~ vi and X2\x = ^'2, we obtain 

(dA)((t;i,Lg4i), {v2,Lg^^2)) 

= {vi,Lg,Ci) A(X2,6) - («2, V6) HXlM) - A([Xi,X2],,[6,6]g) 

= ^/(Ad^e*«i 6) {Xlit))l - |/(Ad^e*«2 Cl) {X2it))l - /(Ad,Kl,6]) ix) 

= ^/(Ad^e*«i 6) Wlo + ^/(Adg^) {xiit))l - |/(Ad,,.^. a) (^)lo 

-;|/(Adga) (.T2(i))|o-/(AdgKi,6]) (a:) 
= ^/(Ad,e2) (xi(t))|g-^/(Ad,a) (x2W)|o + /(Ad,[Ci,6])(a;)- 

The result follows. □ 

Lemma 4.4. Given B e n^{N)'^, define Q £ (fl* ® f7i(iV))'^ &?/ 0(0 = ^-IB, £ g. 
r/ien tACQ) = —d^B, where : Q'^{N) il'^{N ><> G) is the coboundary operator 
~ t* — s* associated to the transformation groupoid N x G ^ N . 

Proof. Note that for any Vx ^ TxN and ^ G g, 

s^{vx,Lg^^) ^ Vx and t^{vx, Lg^^) ^ Vx g + £^\xi,g- 
Thus, using the G-invariance of B, we obtain, for any vi, V2 G TxN, ^1, ^2 £0 and g G G, 

((l^l,ig4l),(^^2,i<,42)) 

= B{t^{vi,Lg^S,i),t^{v2,Lg^^2)) - -B(s*(ui,Lg*^i),s*(w2,Lg*^2)) 

= S(^l|3;*g,W2 + B{Vl *g,6U*3) + -B(^l|2:^g,,^2U^3)- 

On the other hand, we have 

= Qfe)^ ^5) - QiCi)iv2*g) + 0(e2)(fiU.3) 

The conclusion thus follows. □ 
As an immediate consequence, we have 

Corollary 4.5. The BCWZ map ip of Proposition \4-l\ maps the exact equivariant 3- 
forms Bq{N) to the coboundaries {{N G).) . Therefore ip induces an isomorphism 

in cohomology: H%{N) ^ H^r{{N Yi G).). 

Proof. The 1-form A G r2^(A^ x G) defined in Lemma satisfies 

9^A = 0. (18) 
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Indeed, since ig*0 =■ s*{wy, Lh*r]) if, and only if, 

making use of the linearity in g and the G-equivariance of / we obtain 

= \{wy,Lh^vi) - \{yx, Lgh,,{kdh-i + ri)) + A(w^,Lg*^) 

==/(Ad„ry) (y)-/(Ad,„(Ad;,-ie + »7)) (x) + /(Ad,e) {x) 

= /(Ad„77) {x^g)~ f{kAg{Adnii)) {x) 
= 0. 

Since 

any element of B^{N) = dG(f7^(iV)) can be written as dciB + f) for some B e f^^^jy^G 

and / G (g* (8i ri°(7V)) . By definition, dcB — dB — Q, where Q is defined as in 
Lemma and dcf = df. Therefore, 

^{daiB + f)) =i,{dB-Q + df) 
=dB + d'^B + d\ 
=1)^(5 + A) 



by Lemma |43] and [44] 
by (UHl). 



Thus V not only maps closed equivariant 3-forms to cocycles of ^'^^ {^{N x G).) (see 
Proposition 14. ip but also exact equivariant 3-forms to coboundaries of ^^^((iV xi G),). 
Hence ■(/; induces a homomorphism Hq[N) H^j^ (^{N x G).) in cohomology. Actually, 
the latter is an isomorphism, for ip is injective on the level of cocycles (according to 
Proposition [47T]) and any 3-cocycle in ripj^((A^ xi G).) is cohomologous to a 3-cocycle of 
the form a + [3, where a € fl^{N) and P € Q'^{N x G). Indeed, since TV x G ^ TV is a 
proper groupoid, the sequence 

Q"{{N X G)2) ^ n%{N X G)3) ^ f7°((TV x G)i) 
is exact [U Proposition 1] and. moreover, 

n^{(N X G)i) 17i((iV X G)2) ^ f^^((TV X G)3) 



is also exact [121 Lemma 1.5]. 



□ 



4.2 Main theorem 

The Morita morphism 



r X G- 



■ Af X G 



X 



as in (I12p induces a map of cochain complexes 

17*jR((MxG).) ^f^^jR((rxG).) 
which gives an isomorphism in cohomology: 

By the symbol /z, we will denote both the composition 

zUm) ^ Zl^iiM X G).) ^ Z3j,((r X G).) 



13 



and the induced isomorphism 
in cohomology. 

The main theorem can be stated as follows. 

Theorem 4.6. Let T T ^ X be a G-equivariant bundle gerbe over a G-manifold M 
with equivariant connection 9, equivariant curving Bq and equivariant 3- curvature rjQ. 
Then 

[vg] = [C - Pr* t^] 

in _ffQpj((r X G),). In other words, the isomorphism fi maps Meinrenken's equivariant 
Dixmier-Douady class to the Behrend-Xu-Dixmier-Douady class. 

Given two Morita equivalent G-cquivariant bundle gerbes T ^ T ^ X and T' 

r' ^ X' over a G-manifold M, it is simple to sec that F x G T xi G ^ X and 

r' X G r' X G =1 X' are Morita equivalent central S*^ -extensions. Hence they have 
isomorphic Behrend-Xu-Dixmier-Douady classes according to [1]. As a consequence of 
Theorem 14. 6[ we have 

Corollary 4.7. Morita equivalent G-equivariant bundle gerbes have isomorphic equiv- 
ariant Dixmier-Douady classes in Meinrenken's sense. 

Remark 4.8. The above corollary asserts the existence of a map 

Morita equivalence classes of^ 
G-equivariant bundle gerbes f ~^ Hq{M,Z), 
over M ) 

which is easily seen to be injective. It is not clear though if this map is surjective since 
requiring that a gerbe be G-equivariant may seem too strong (see Remark 2.8 in 
Recently, however, Tu-Xu proved that the above map is indeed also surjective jJ6f . 

4.3 Proof of the main theorem 

First of all, let us wrap off the conditions defining equivariant connections, equivariant 
curvings and equivariant 3-curvatures. Since ^^^(r) = il^{r)^ © (g* (g) ri°(r))'^, the 
equivariant curvature decomposes as 

curve (0) = Lu -\- (j), 
where w G n'^{T)'^ and G (g* n"{r))^. From (0, we obtain 

d9~^_i9^p*u; + {p*<pm, V^Gg, 
which is equivalent to the pair of equations 

d9 = p*uj 
-^_i9^{p*m), VCGg 

Since nlix) = n^xf ® (g* ® n"{x)y, the curving decomposes as 

BG = B + f, 

where B G n'^{X)^ and / G (g* «) n"{X))^. From ©, we obtain 

uj + (/) = d{B + f) 
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or, equivalently, 

Lj = dB (19) 

Hence df = p*df ^ p*(i) and 

{dm)^{p*m)^-l^o- (20) 

Since ^q{M) = U^{M)'-^ © (g* ® rii(Af))'^, the 3-curvature decomposes as 

where a G ^^(M)'^ and 77 G (g* ® 9}{M))^ . From dZ]), we obtam 
7r*(a + r/) = dciB + f) = dB -l_\B + df 
and it thus follows that 

TT*a = dB (21) 
TT*?; = d/ (22) 

We will need a few lemmas. 

Lemma 4.9. We have [i:{t*df) - C] = m -ffgR((r >^ G).). 

Proof. Since i : F — > X is G-equi variant, from ((T5|) and p6|) . we obtain 

i^{t*df) ^{tx id)* ip{df) = {tx id)*dX = dA', (23) 

where A' = (t x id)*A e n\T x G). More explicitly, W{v^,,Wy) € r(^,y)F, € g, .g £ G, 
we have 

X'{{Vx,Wy),Lg^£,) = A(Wy,Lg4) = /(Adg^)(j/). 

The multiplication in the groupoid F xi G =^ X is defined by 

((x,y),g) • ((x',2/')» - ((x,y'*g-i),5/i), (24) 

provided y * g = x' , where {x, y), {x' , y') E F(= X X]^J X) and g, h E G. It thus follows 
that 

(^^^ X'){{vx,Wy, Lg^S,), (4, , w^^, , Lh*ii)) 

= A'(w:r,u;y,Lg*^) - X'({vx,Wy,Lg^() ' ( , , , , L,, * 7?) ) + A'(u^,, Wy,,L,,*77). 

But llll) implies that 

(w2;,7i;y,Lg4) • {v'^,,w'y,,Lh*1j) = «,U'y,^g-i,Lg,,,(Ad;,-l C + ?7)), 

where v'J. and Wyi^g-i are tangent vectors of X at x and j/' ★ respectively. Hence we 
get 

A'((fx,Wy,Lg4) ■ «,,u'y,,L/i*ry)) 
==/(Ad,„(Ad,-ie + '/))(y'*5"') 

= /(Adg-i Adgft (Ad;,-i ^ + '7))(y') since / is G-equivariant 

= f{i) {y') + fi^dh v) {y') since / is hnear in g. 
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Thus, we have 

= /(Ad, Oiy) - ifiO (2/0 + /(Ad, 77) iy')) + /(Ad, vKy') 
= /(Ad,0(y)-/(0(y') 
= /(0 (y*ff)-/(0 (y') 
= /(?) (^')-/(0 (y') 
= -(a/)(0 (^',y')- 

Now, set z = {x,y) and z' = {x',y') G T = X Xi\j X and choose z and z' £ F such 
that p(z) = z and p{z') = z' . Moreover, take v- G TjF and Vz' S such that 

PG*Vz = {v:^,Wy) and pg*Vz' = {v'^>,Wy,). Then 

= - (dim) ix\y') 

- -phiimo) {z') 
= mm (?') 

- iP*GC){{vz,Lg,^),{vz',Lh,v)) by (HI. 

Hence 

9^A' = C. (25) 

From 111) and 111), it foUows that 



Therefore we have [i^{t*df) - C] = in i^i^R ((F >^G).). □ 

Let Q e (g* ® r2i(X))'^ be defined by Q(0 = C-IS, e g. 
Lemma 4.10. 3^5 - pr* w = (i^)*B - (to pr)*B = - ip{t*Q) 

Proof. The source and target maps of the groupoid T y<> G ^ X are given, respectively, 
by 5^(7,3) = 5(7) and t^{'^,g) = t{j) -kg. Using ^9]) . we obtain 

- pr* Lu =(i^)*B - (.s^)*S - pr*(<9B) 

= [t'')*B - {s'^YB - pr*(rB - s*B) 
= (t^)*B-(topr)*B. 

This proves the first equahty. 

For the second equahty, note that, by (fT5|) and Lemma we have 

i^{t*Q) = {tx 1)* ?A(Q) = (t X l)*(s5B - t*B). 

Here sq and to are the source and target maps of the transformation groupoid X>iG ^ X. 
It is clear that tQo[tx 1) = and soo(t x 1) = topr. Thus the second equality follows. □ 



Proof of Theorem Using (|2ip , we get 

m(^?g) — TT* V'(a + ?;) = TT*a + tt* = dB + tt* ip{ri). (26) 
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And, since n o t : T —^ M is a G-equivariant map, we get 

TT* ip{r]) —{{tt ot)x id)* ip{r]) 

= V((7roi)*77) by (m 

^^{t*{df^Q)) by (HI 

= i:{t*df)^iit*Q). (27) 



Therefore, 



^JL{r|G) =dB + ^* V^T?) by ^ 

=dB + i>{t*df) - yj{t*Q) by ^ 

=dB + i:{t* df) + d"" B - Y>T* uj by Lemma 01 



Hence, by Lemma l4~9l 

^l [t^g] = [dB + + [ij{t*df) - pr* = [C - pr* oj] . □ 



References 

[1 

[2 



Kai Behrend and Ping Xu, Differentiable stacks and gerhes, 2006, 
|arXiv . org : math/0605694( 



Jean-Luc Brylinski, Loop spaces, characteristic classes and geometric quantization^ 
Progress in Mathematics, vol. 107, Birkhauser Boston Inc., Boston, MA, 1993. 

[3] Henrique Bursztyn, Marius Crainic, Alan Weinstein, and Chenchang Zhu, Integra- 
tion of twisted Dirac brackets, Duke Math. J. 123 (2004), no. 3, 549-607. 

[4] D. Chatterjee, On the construction of Abelian gerbes, 

Ph.D. thesis. University of Cambridge, 1998. 

[5] Marius Crainic, Differentiable and algebroid cohomology, van Est isomorphisms, and 
characteristic classes, Comment. Math. Helv. 78 (2003), no. 4, 681-721. 

[6] Johan L. Dupont, Curvature and characteristic classes. Springer- Verlag, Berlin, 
1978, Lecture Notes in Mathematics, Vol. 640. 

[7] Krzysztof Gaw9dzki and Nuno Reis, WZW branes and gerbes. Rev. Math. Phys. 14 
(2002), no. 12, 1281-1334. 

[8] Jean Giraud, Cohomologie non abelienne, Springer- Verlag, Berlin, 1971, Die 
Grundlehrcn dcr mathcmatischen Wissenschaften, Band 179. 

[9] Nigel Hitchin, Lectures on special Lagrangian submanifolds. Winter School on Mir- 
ror Symmetry, Vector Bundles and Lagrangian Submanifolds (Cambridge, MA, 
1999), AMS/IP Stud. Adv. Math., vol. 23, Amer. Math. Soc, Providence, RI, 2001, 
pp. 151-182. 

[10] Lisa C. Jeffrey, Group cohomology construction of the cohomology of moduli spaces 
of flat connections on 2-manifolds, Duke Math. J. 77 (1995), no. 2, 407-429. 

[11] Varghese Mathai and Danny Stevenson, Chern character in twisted K -theory: equiv- 
ariant and holomorphic cases. Comm. Math. Phys. 236 (2003), no. 1, 161-186. 

[12] Eckhard Meinrenken, The basic gerbe over a compact simple Lie group, Enseign. 
Math. (2) 49 (2003), no. 3-4, 307-333. 

[13] Michael K. Murray, Bundle gerbes, J. London Math. Soc. (2) 54 (1996), no. 2, 
403-416. 



17 



[14] Michael K. Murray and Daniel Stevenson, Bundle gerbes: stable isomorphism and 
local theory, J. London Math. Soc. (2) 62 (2000), no. 3, 925-937. 



[15] Graeme Segal, Classifying spaces and spectral sequences, Inst. Hautes Etudes Sci. 
Publ. Math. (1968), no. 34, 105-112. 

[16] Jean-Louis Tu and Ping Xu, Chern-Connes character and twisted equivariant coho- 
mology, work in progress. 

[17] Jean-Louis Tu, Ping Xu, and Camille Laurent-Gengoux, Twisted K -theory of dijfer- 
entiable stacks, Ann. Sci. Ecole Norm. Sup. (4) 37 (2004), no. 6, 841-910. 



18 



